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I nfor mation
The exam is closed-book.
There are two parts to this exam.
Part A hasseven questions totalling 70 marks. You must answer all of them.
Part B hastwo questions, each counting 15 marks. You must andoetrof them.

A table of standard Fourier transform and z-transform pagsears at the end of this
paper.
A formula sheet for the radar/sonar question appears anthefethis paper.

You have 3 hours.




PART A

Answer all of the following questions.

1. An LTI system has impulse responge| = 5(1/2)"u[n].
(a) Is the system stable in the bounded-input bounded-bsgmse? Why?
(b) Is the system causal? Why?
(c) Use the discrete-time Fourier transform to find the outiithis systemy[n] when the
inputisz[n] = (1/3)"uln].
(10 marks)

2. The continuous-time signal¢) = sin(20xt) + cos(40xt) is sampled with a sampling
periodT’, with t = nT, to obtain the discrete-time signal

ol = sin () + cos (2%”) .

(@) Sketch the spectruki (e/+) of z[n].
(b) Determine a value df consistent with this information.

(c) Is your choice off" in this last part unique? If so, explain why. If not, specifjother
choice ofT" consistent with the information given.

(20 marks)

3. You have a digital filter with zeros at= 1 andz = —1, with poles at: = 0.9¢?™/2 and
2z =0.9¢97/2,
(&) Sketch the magnitude responseof w < 2.
(b) Find the gain of the system far= 7 /2.
(c) Is this filter lowpass, bandpass or highpass?

(d) Draw an implementation diagram for this filter using ged¢éements, multipliers, and
summers.

(10 marks)




4. Consider the system below, where' represents a delay of one sample:

@ @
z[n] y[n]

(a) Determine the system functidh(z) and show that the transfer function is
, 1—e 7@
H(Y) = ————
() = =057
assuming it is stable. Justify all reasoning.

(b) Find the outpuy[n] when the input is

x[n] = 3 cos (gn + %) :

(c) Find the outpuy[n] when the input isc[n] = 2u[n].
(20 marks)

5. When the input to an LTI systemis$n] = 5u[n], the output is

y[n] = (2(1/2)" + 3(=3/4)")u[n].
(a) Show that the system function can be written as

1— 271

&) = massa

(b) Plot the poles and zeros of the system, and indicate th@. RO
(c) Determine the impulse responisi| of the system for alh.
(d) Write a difference equation that characterises theegyst
(10 marks)




6. Computationally efficient algorithms for computing thE' Dnormally exploit the
following two properties:
(Periodicity): WETY =Wk

(Symmetry): WEtN? = _wk

whereWy = e 927/N,
(&) What does W represent in this context, and how does terédethe DFT?
(b) Prove that the two properties above are true.

(c) Suppose we take the 4-point FFTs of the signals belowtiphyuthem in frequency, and
take the inverse FFT of the result:

N

z1[n] x2[n]

-1
Sketch the final output over the rangé < n < 5.
(10 marks)

7. Consider an input signaln] with magnitude spectrum shown below:

1 .
| X (e)]

T T T T w
- 2r 2n U
3 3

Draw a block diagram of a multirate signal processing systentaining multirate

processing and a single filtéf (z) to reduce the sampling rate ofn]| by a factor of

M = 1.5. Sketch the magnitude spectra of all intermediate sigmadgtae output signal.
(10 marks)




PART B

Answerboth of the following two questions. Each question counts 15 mark

1. Image processing and computer vision

(a) The(Ny, Ns)-point circular convolution betweery (n1, no) andzs(nq, ny) is defined

as
Ni—1 Ngo—1

yning) = Y Y ai(krka)ea(((n1 — k1)), ((n2 = k2))n)

k1=0 ko=0
where((k))n representd moduloN. Findy(ny, ns) for the two signals below, where
Ny = Ny = 4:

(5 marks)

(b) Suppose you need to detect the diagonal edges in the ibedge, and wish to do it by
convolving with a particular kernel and thresholding theulé

What kernel should you use? What is the difference betwenutput from the top
diagonal edge (edge 1) and the output from the bottom (edgaé&)what would you
do if you wanted to detect either (or both) of them? How cowie reduction be
incorporated into the detection process?

(5 marks)



(c) The two-dimensional DFT of a signalni, n2) is given by

N1—1 No—1
k17 kQ Z Z nl TLQ e ](27T/N1)]€17’L1 j(27T/N2)k27’L2
ny= 0 ng= 0
Suppose you wanted to find the 2D DFT of an image. Explain, thighaid of
mathematics, how you would use a 1D FFT routine to do this.

(5 marks)




2. Radar/sonar signal processing

An analytic signal model for a pulsed radar is shown below.

vrx t
(1) »(? .

ejwot
e—jwnt '_

Ubb<t) — hbb(t) —®

(a) Draw a block diagram of a physical implementation of taigar showing an 1/Q
up-converter, an I-Q down-converter, and appropriate §agmto a digital signal
processing computer.

URX(t>

©

Noise

(2 marks)

(b) The transmitted waveform can be represented matheafigtic three ways: (i) a real RF
pulse, (ii) the analytic signal form, and (iii) the basebamdnalytic form. Define the
relationship between these three forms of signal, in batle &ind frequency domains. Give
appropriate mathematical descriptions of the relatiqrshi

(3 marks)

(c) Forthe case of a RF chirp pulse;p(t) = rect(%) cos (2r[f,t + 3 Kt?]) wherekK, f,
andT are constants, sketch the magnitude and phase ébthvéer Transformof (i) the RF
pulse, (ii) its analytic form, and (iii) its basebanded form

(3 marks)

(d) What properties of the transmitted waveform determin#hé range resolution of a radar
and (ii) the signal-to-noise ratio?
(2 marks)

(e) State the name and give a mathematical expression faitédrghat achieves maximum
peak signal to noise ratio if the received echo is from a ssatterer, and the system noise
is white noise.

(12 mark)

(f) Explain the operation of a “spectral reconstructiorefilt(inverse filter). What is it
designed to do, and what will its output be if applied to thedimnded analytic signal (for
an arbitrary scene in view of the radar)?



If the scene contains a single point scatterer at radgeetres, with impulse response
¢(t) = a1(t —2R/c), wherea; andc are positive constants, sketch the expected output of
the filter as a function of time (show both magnitude and phase

(4 marks)




Fourier transform properties

Sequences|n], y[n] TransformsX (e?*), Y (%) Property
az[n] + by[n] aX(e?) + by (e9*) Linearity
z[n — ng) e7Iwnd X (ed*) Time shift
€70 z[n) X (ef(w—w0)) Frequency shift
z[—n] X (e %) Time reversal
nx[n] ‘%ij) Frequency diff.
x[n] * y[n] X(e7I)Y (e79%) Convolution
z[n]y[n] = [T X()Y (e =D)do Modulation

Common Fourier transform pairs

Fourier transform

Sequence
d[n] 1
d[n — no] e~Iwno
1 (—o0o < n < o0) D oo 2O (w + 27E)
a"uln] (lal < 1) oo
u[n] ﬁ + 02 mo(w + 27k)
(n+ Da™uln] (lal < 1) e
Sin(u;{;n) X(ej“) _ {1 |w| < we
B 0 we < |w| <7
2[n] = {1 0< n.S M sin[:i;r(ll(\ilu—}-zl))/2]e—jwM/2
0 otherwise
ewon D e oo 2 (w — wo + 27k)

Common z-transform pairs

Sequence Transform ROC
oln] 1 All 2

el — 21> 1
—u[—n — 1] 1_i71 2] < 1

S[n —m] z7 All z except0 or co
a™uln] 1_a1271 2] > |af
—aul—n —1] lfalz_l |2] < lal
na”uln] (17,1:;_11)2 2] > lal
—na"u[—n — 1] (17a:z_—1)2 12| < |al

a” 0<n<N-1 N N

{0 oth_erwis_e 7 e |z| >0
cos(won)u[n] 1721;;)5;‘;2)—21_:‘2_2 2] > 1
1—7 cos(wg)z™ 2l >

r™ cos(won)uln]

1—2rcos(w0)z71+r2z72







FORMULA SHEET V6 EEE4001F 2012
PLEASE REPORT ANY ERRORSTO A.J.W.
Fourier Relationships

z(t) < X(f)

z(t —t,) & X(f)ei2mfte

z(t)e 12t X(f + f,)

T(t) & X*(~f)

BSa(npt) < rect(%)

rect (L) < 7Sa(mfr)

d(t) < 1

For any ‘real’ signak(t), X(—f) = X*(f)
Convolution z(t) ® h(t) «< X(f)H(f)
Radar Equation

P. = % whereA, = G;l"—f

|Q Down-converter

I(t) = [2z(t) cos(wol)| PP

Q(t) = [—2z(t) sin(wot)|LpF

V(t) =1(t) +5Q(t) < V() =2X"(f+ /o)
Matched Filter General

H(f) =545 — X*(f) (white noisg

o (tpeat)® _ B

ERCIE (white noisg

ANALYTIC RADAR MODEL

Baseband Pulse p(t)

Transmitted vy x (t) = p(t)ei?™Fot
EXTENDED TARGET RESPONSE

vrx(t) = [[Z_ C(rvrx(t —T)dr = ((t) ® vrx(t)
()P o e BT

Verx (f) = ¢(f)Vrx(f)

Baseband Signal

’Ubb(t) = [URX (t)e_jQﬂ-fot} ® hbb(t> —+ nbb(t)
op(t) = [C(t)e 72 ot ] @ p(t) ® hup (L) + new(t)
Voo (f) = C(f + fo) P(f) Hub(f) + Nov(f)
After Deconvolution/Inverse Filter

V(f) = C(f + fo)rect( L)

v(t) = [C(t)e72met] @ BEpGED

where“?(ﬂ = Sa(rwBt)

7 Bt)




POINT TARGET RESPONSE
vpx(t) = arvrx (t — 1) wherer = %

ayp X Cé’iG)gm (narrowband)

2R;

vrx(t) = vazl a;vrx (t — ;) wherer; =
Baseband

Ubb(t) = VURX (t) e Iwot @ hbb(t) = Cp(t — T) eTIWeT @ hbb(t)
After deconvolution filtering

v(t) = a1 B Sa(r B[t — 7])e %7 /oT

Y =arg {e_ﬂﬂf”} =arg {e_j‘“rR/)‘}

Resolution

Otsap ~ 282 §Ryqp = L ~ €(0.89)

Radar Filters

Ideal Spectral Reconstruction (deconvolution/inversigi-
HiRp(f) = m over—5 < f< &

Matched Filter (MP)H\g(f) = -2 ~ P*(f)

Doppler Shift fp = —24/d

MONOCHROME PULSE

RF:vpp(t) = rect (%) cos(2m fot)

Analytic: vrx (t) = rect (%) e??m /!

Basebanduvy, (t) = rect (%)

Frequency Domain

Vex(f) = TG0

Voo(f) = TSiEf;qj:{)

LINEAR FM CHIRP

RF SlgnaIURF = rect () cos (2m[fot + S Kt%])

Analytic: vrx (t) = rect (%) i2m[fot+ 3 Kt7]
Basebanduvy, (t) = rect (%) e/?"2 3 Kt?
Sweep rangeAf = KT [HZ]

| nstantaneous Frequency

RF: frp(t) = o= 2820 — f 4+ Kt [H2]
Basebandjfy,(t) = Kt [HZ]

Dispersion factoD = AfT = KT?

Frequency Domain D > 50
Vo (f) = rect (Aff) ‘1K‘

(=% /?)



